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Abstract
The statistical behaviours of the variance, covariance and gradients of reaction progress variable c, and
mixture fraction ξ have been analysed in an ethanol turbulent spray jet flame based on the results obtained
from a carrier-phase three-dimensional Direct Numerical Simulation (DNS) dataset. It has been observed
that the Favre Probability Density Functions (PDFs) of c and ξ extracted from the DNS data are correctly
estimated by a standard β-PDF. Furthermore, the log-normal distribution has been found to accurately
represent |∇ξ|, but small discrepancies were found at the head of the distribution. By contrast, |∇c| was
found to be only marginally represented by a log-normal distribution with non-negligible departures from
the DNS data at both the head and the tail of the distribution. It has also been found that ∇c and ∇ξ
show predominant collinear alignment throughout the flame brush. Finally, the joint-PDF of |∇c| and
|∇ξ| (i.e. P (|∇c|, |∇ξ|)) has been compared with the product of the marginal PDFs of |∇c| and |∇ξ|
(i.e. P (|∇c|)×P (|∇ξ|)) extracted from DNS (i.e. assuming statistical independence) and a good agreement
has been observed. The bivariate log-normal distributions with and without correlation have also been
considered and fail to capture the DNS trend, which stems from the difficulties of approximating P (|∇c|)
and P (|∇ξ|) with log-normal PDFs.
Keywords: Spray combustion, Progress Variable, Mixture Fraction, Probability Density Function, Scalar
gradients
∗Corresponding author
Email address: nct92@ncl.ac.uk (Charles Turquand d’Auzay)
Preprint submitted to Fuel February 11, 2019
1. Introduction
Liquid fuels are used in a wide range of practical combustion systems such as gas turbines, internal
combustion engines, industrial furnaces, etc. [1–7]. In these applications, the fuel is usually delivered in
the combustion chamber as a spray or cloud of liquid droplets. Depending on the spray properties, the
combustion efficiency, pollutant formation and power output can vary widely, and an improved understanding5
of spray combustion is thus of paramount importance. Modelling these flows is complex due to the numerous
physical phenomena that need to be accounted for such as, but not limited to, phase change, heat and mass
transfer and chemical reactions.
Recently, carrier-phase Direct Numerical Simulation (DNS) has made significant contributions to the
physical understanding and modelling of such spray flames [3, 8–16]. Using DNS, the statistical behaviour of10
mixture fraction and progress variable gradients have also been analysed in partially premixed and stratified
flames [17–19] where the mixture fraction ξ is the characteristic conserved scalar and progress variable c
is the characteristic non-conserved active scalar. The mixture fraction, ξ is often used to characterise the
inhomogeneity in mixture composition [20], while the progress of chemical reactions in the inhomogeneous
mixture can be quantified in terms of a progress variable defined by a suitable mass fraction.15
The existing relations between the mixture fraction and the progress variable play a major role in the
modelling of spray combustion as shown by Ma et al. [4, 21]. Furthermore, statistics of c and ξ, such as
their Probability Density Functions (PDFs) or joint-PDFs are essential for flamelet or Conditional Moment
Closure (CMC) modelling of spray combustion [7, 20, 22]. The statistics (in terms of PDFs and joint-PDFs)
of mixture fraction and progress variable gradients also have significant relevance to the modelling of scalar
dissipation rates and consequently the mean reaction rate for premixed and partially-premixed mixtures
[17–19, 23, 24]. The progress variable transport equation in spray flames reads,
∂ρc
∂t
+∇ · (ρcu) = ∇ · (ρD∇c) + ω˙c + S˙c, (1)
where D denotes the progress variable diffusivity, the first term on the right hand side originates due to
molecular diffusion, ω˙c represents the reaction rate, and S˙c is a source/sink term accounting for droplet
evaporation. Depending on the definition of c, the definition of S˙c also depends on the local value of ξ and
interested readers are referred to [15, 16] for further details. The reaction rate of the progress variable, ω˙c,
is given by [16, 19],
ω˙c =
[
ω˙α + ρNξξ ∂
2Yα
∂ξ2
+ ρNcc ∂
2Yα
∂c2
+ 2ρNcξ ∂
2Yα
∂c∂ξ
]
×
(
∂Yα
∂c
)−1
, (2)
where Nλ1λ2 = D|∇λ1| · |∇λ2| cos (θλ1λ2) represents the (cross-)scalar dissipation rate for scalars λ1 and λ2
(here taken as c or ξ), cos (θλ1λ2) is the angle between ∇λ1 and ∇λ2 and Yα denotes the mass fraction of
species α being considered for the progress variable definition.
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Equation 2 indicates that Ncc, Nξξ and Ncξ play key roles in determining the statistical behaviour and
modelling of mean/filtered values of ω˙c. Thus, the statistical behaviours of |∇c| and |∇ξ| are of fundamental20
importance in spray combustion modelling. Although several authors used the presumed PDF approach in
spray combustion [20, 22], the statistics of c and ξ and of their gradients, which are essential for this
modelling approach, have received only a limited attention [3, 13, 14].
This deficit is partially addressed here by analysing the statistical behaviour of ξ, c, their gradients and
the interrelation thereof using a 3D DNS dataset mimicking the experimental turbulent ethanol spray flame25
configuration of Gounder et al. [6] described in section 2. Sections 3.1 and 3.2 present the statistics related
to c and ξ fields, while sections 3.3 and 3.4 discuss the statistics of |∇c| and |∇ξ|. The main findings are
then summarised in the final section.
2. DNS data
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Figure 1: (left) View of the computational domain and set-up of the DNS (right) Evolution of the turbulence intensity (u′/Uj),
integral length scale (L11/Dj) and Kolmogorov length scale (ηk) along the shear layer
The simulated configuration corresponds to the ethanol spray EtF3 flame of Gounder et al. [6] investigated
at the University of Sydney using a laboratory scale piloted spray burner. The spray and carrier gas are
injected out of a central jet nozzle (Dj = 10.5mm) with a bulk velocity Uj = 24m/s surrounded by a coaxial
3
pilot annulus (Up = 11.6m/s and Tp = 2493K) and an air coflow (Uc = 4.5m/s) as shown schematically in
Fig. 1. The pilot is composed of the fully burned products of a stoichiometric mixture of 5.08% Acetylene35
(C2H2), 10.17% Hydrogen (H2) and 84.75% air by volume and provides the heat necessary for the evaporation
of the liquid fuel droplets. The flame is stabilised in the shear layer formed between the pilot and the inner jet
streams. The mass flow rate of liquid ethanol in the jet is 45g/min, however, amongst the polydisperse droplet
formed by the nebulizer, some evaporate prior to reaching the nozzle exit, thus explaining the presence of
partially gaseous fuel in the jet. The ethanol mass flow rates at the nozzle exit are thus 14.3g/min for the40
gaseous phase and 30.7g/min for the liquid droplets, yielding a gaseous equivalence ratio of φ = 0.85. These
parameters are summarised in Table 1 for both the pilot, coflow and inner jet streams.
Flame designation EtF3
Central jet at burner exit
Fuel Ethanol
Jet diameter (Dj) [mm] 10.5
Bulk jet velocity (Uj) [m/s] 24
Bulk velocity coflow stream (Uc) [m/s] 4.5
Carrier air mass flow rate [g/min] 150
Liquid fuel injection rate [g/min] 45
Measured liquid flow at exit [g/min] 30.7
Vapour fuel flow rate at exit [g/min] 14.3
Kinematic viscosity (ν) [m2/s] 1.279× 10−5
Jet Reynolds number, Re = UjDj/ν [-] 19, 700
Jet Mach number, M = Uj/c∞ [-] 0.07
Equivalence ratio at jet exit, ψj [-] 0.85
Initial droplet & ambient temperature, T0 [K] 293.15
Annular pilot at burner exit
Fuel Acetylene (C2H2) + Hydrogen (H2) + Air
Pilot diameter [mm] 25
Bulk velocity pilot (burned), Up [m/s] 11.6
Pilot temperature [K] 2493
Pilot composition (YCO2 : YH2O : YN2) (0.1722 : 0.10575 : 0.722)
Table 1: Jet and pilot flow parameters [6, 25]
The standard mass, momentum, energy and species conservation equations for reacting flows are solved
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for the Eulerian gaseous phase. The standard transport equations of position, diameter, momentum, and
energy are solved for individual liquid fuel droplets in a Lagrangian framework. Interested readers are45
referred to [3, 6, 11, 12, 15, 16, 25–28] for the governing equations which are not presented here for the
sake of brevity. The DNS data analysed in this work has been obtained by Pillai and Kurose [25, 26, 28]
using the FK3 code [25, 29–32]. The coupling between the Eulerian and Lagrangian phases is realised
using the Particle-Source-In-Cell (PIC) approach [27] which was shown to be able to accurately capture the
evaporation characteristics obtained from fully-resolved multi-phase simulation with droplets smaller than50
the Kolmogorov scale [33]. Particles are modelled as spherical point masses which exchange heat, mass
and momentum with the carrier gas. A poly-disperse spray with a diameter distribution matching that
of the experiment is injected with droplet diameters ranging from 1µm to 80µm, with the most probable
diameter being about 20µm. Both the collisions and break-up have been neglected in this study, since
it is a dilute spray flame, with an inflow droplet volume fraction of about 5 × 10−4. Furthermore, the55
secondary atomization was neglected owing to the burner setup. The spray is generated by an ultrasonic
nebulizer situated inside the burner, 215 mm upstream of the exit plane [6]. It is likely that the secondary
atomization occurs inside the central jet tube of the burner, in which case the droplet size distribution PDF
imposed as the inflow boundary condition at the exit plane in the DNS should suffice, since further secondary
atomization effects can be neglected. Additionally, no evidence has been provided experimentally regarding60
the secondary atomization, hence it was not considered in the DNS. A recent analysis by de Chaisemartin
et al. [34] also compared the combustion of polydisperse droplets in a two-dimensional free jet simulated
using either a carrier phase DNS with point source or a fully Eulerian phase-DNS, and a good agreement
was found when comparing the gaseous fuel mass fraction fields.
A domain of 94Dj × 49Dj × 49Dj is considered and is discretised by a non-uniform Cartesian grid of65
1160×400×400 cells. A large stretching is applied in all directions towards the boundaries to form absorbing
zones that minimize reflection and contamination of the acoustic field near the jet [28]. Due to the coupling
strategy between the Eulerian and Lagrangian phases, the minimum cell size needs to be larger than the
droplet size to capture evaporation accurately [3, 35]. To further reduce the computational cost of the
simulation, a low-spatial resolution reduced two-step chemical mechanism [36] has been used for the ethanol70
combustion in the gaseous phase. It is sufficient for noise prediction, but also for the statistical analysis
of the scalar gradients which are governed by both turbulent straining and molecular actions [15–17]. To
ensure an appropriate resolution of both the turbulence and the premixed flame front, the smallest cell size
at the nozzle exit is ∆x = 150µm. Further details on the boundary conditions and mesh can be found in
[6, 25, 26, 28].75
The integral length-scale and velocity fluctuations are evaluated within the shear layer and are reported
in Fig. 1. As expected, the turbulence intensity decreases and the integral length scale increases as turbulence
decays in the downstream direction. The Kolmogorov length scale is also reported in Fig. 1, where it can
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be seen that ηk increases continuously downstream from ηk ≈ 170µm at the nozzle lip. The largest value
of the ratio ∆x/ηk is thus about ∆x/ηk ≈ 1.35 at the lip, which is within the range recommended by Pope80
[37].
2.2. Validation
The DNS simulation results have been compared against the experimental data of Gounder et al. [6] at
different axial distances from the nozzle. The main findings are briefly summarised here, and the interested
readers are referred to [25] for a detailed discussion. Reynolds averaged (denoted by λ¯) as well as Favre85
mean (denoted by λ˜ = ρλ/ρ¯) and Favre fluctuations (λ′′ = λ − λ˜) have been computed by time-averaging
the relevant quantities at several instantaneous snapshots until statistical convergence is achieved. The
statistical convergence has been ensured by establishing that halving the number of instantaneous samples
used to compute the statistics did not lead to a change in the mean values of |∇c| and |∇ξ| of more than
1%.90
The gas-phase radial profiles of excess temperature are shown in Fig. 2 for various stream-wise locations.
The radial spread of the flame is correctly reproduced with a reasonable agreement with the experimental
data, however some discrepancies can be highlighted such as at r/Dj = 1 for all stream-wise locations, and
along the flame axis at x/Dj = 10. These differences have been attributed to the simplified chemistry used
to represent the ethanol combustion. The use of thermocouples would have introduced errors (i.e. lower95
gas-phase temperature) which are associated with the cooling effect arising from droplet collisions with the
thermocouples, and this would be more severe close to the nozzle. It is estimated that these experimental
errors are about 10% [6].
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Figure 2: Radial profiles of mean gas-phase excess temperature at various stream-wise locations compared with measurements
[6]
Figure 3 shows the radial profiles of mean and fluctuating axial velocity for both the gas-phase and the
droplets (includes droplets of all sizes). The radial dispersion is well reproduced and both the mean and100
fluctuating axial velocity profiles are in good agreement with the experimental data. Figure 4 similarly
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Figure 3: Radial profiles of mean and fluctuating axial velocities of both the gas-phase and the droplets at two stream-wise
locations compared with measurements [6]
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Figure 4: Radial profiles of mean and fluctuating radial velocities of the droplets at two stream-wise locations compared with
measurements [6]
presents the radial profiles of the mean and fluctuating droplet radial velocities. A reasonable agreement
with the experiment is seen, although at x/Dj = 10 the mean velocity is slightly under-predicted, but these
differences decrease with increasing stream-wise distance from the nozzle.
3. Results and discussion105
3.1. Flame turbulence interaction
In this work, the progress variable c is determined based on the oxidiser mass fraction following several
previous analyses [13–16],
c =
(1− ξ)YO2∞ − YO2
(1− ξ)YO2∞ − Y EqO2
, (3)
where ξst is the stoichiometric mixture fraction, Y
Eq
O2
is the equilibrium oxidiser mass fraction (Y EqO2 =
f (YO2 , ξ)) and YO2∞ (YO∞) the oxidiser (oxygen) mass fraction in the pure oxidiser stream. The mixture
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fraction ξ is defined by [38],
ξ =
β − βo
βf − βo , (4)
where βf = 6.0/WC2H6O, βo = −YO∞/WO and β = 2YC/WC + 0.5YH/WH − YO/WO where Wα is molar
mass of element α.
The instantaneous fields ofQ-criterion (defined asQ = 0.5 (SijSij − ΩijΩij), where Sij = 0.5 (∂ui/∂xj + ∂uj/∂xi)
and Ωij = 0.5 (∂ui/∂xj − ∂uj/∂xi)), instantaneous fuel mass fraction, as well as the Favre mean values of110
the normalised mixture fraction (ξ˜/ξst) and progress variable (c˜) are shown in Fig. 5.
Figure 5: (left) instantaneous Q iso-surface colored by vorticity, (mid) iso-surface of Yf colored by temperature and (right)
ξ˜/ξst and c˜ on the centre plane
The Q-criterion iso-surface shows that the turbulence structures increase in size in the downstream direc-
tion as turbulence decays. Large-wavelength oscillations also start to appear along the jet axis. Nonetheless,
the level of turbulence remains high at the core of the jet, as indicated by the large vorticity values observed
along the inner shear layer between the core and the pilot stream. Lower values of vorticity are obtained115
within the pilot stream, possibly due to the large increase in temperature.
The instantaneous iso-surface of fuel mass-fraction shows the injection of cold gaseous fuel in the inner
jet. Temperature increases as the inner jet mixes with the pilot stream, and droplet evaporation can be
observed. This happens relatively quickly for the small droplets, with small regions of gaseous fuel rich
8
mixture visible as early as x/Dj ≈ 2. Further downstream, large droplets also evaporate and give rise120
to larger hot regions of gaseous fuel rich mixtures at approximately x/Dj = 5. The very large droplets
evaporate until far downstream and evidence of evaporation can be observed as far as x/Dj = 20 (not
shown here). The evaporation process occurring in the mixing layer is visible in Fig. 5 on the ξ˜/ξst field,
which increases continuously from the nozzle lip and shows large values of ξ˜/ξst up to ξ˜/ξst = 2 at x/Dj = 15
and ξ˜/ξst = 2.5 at x/Dj = 20 before decreasing slowly due to mixing and subsequent burning.125
The burning predominantly occurs in a premixed mode near the lip of the nozzle and the flame is
anchored within the shear layer formed at the interface between the cold gaseous fuel and hot pilot stream,
as evidenced by the progress variable field (c˜) shown in Fig. 5. The existence of the premixed flame front
is explained by the presence of a mixture of gaseous fuel and carrier air in the inner jet stream, which on
mixing with the hot pilot burns as a premixed flame. Further downstream, around the pockets of very high130
fuel content created by the droplet evaporation, the burning occurs predominantly in a non-premixed mode.
The hot fuel does not have the time to fully mix with the surrounding air, and leads to partial-premixing,
which is characteristic of spray flames.
It is interesting to evaluate the variances c˜′′2, ξ˜′′2 and covariance c˜′′ξ′′ to gain physical insight into the
flame-turbulence interaction, but also to improve modelling in the context of Reynolds Averaged Navier-135
Stokes (RANS) and Large Eddy Simulation (LES) frameworks [16–18]. Figure 6 shows these quantities at
different heights in the flame.
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Figure 6: Variations of (lines) c˜′′2, ξ˜′′2 and c˜′′ξ′′ and (symbols) (c˜′′2ξ˜′′2)1/2 across the flame brush
The variation of c˜′′2 is compared with the Bray Moss Libby (BML) closure [39] c˜′′2 = c˜(1− c˜)+O(1/Da)
9
where the last term is negligible at large Damko¨hler (Da) number. The maximum c˜′′2 is obtained when the
PDF of c features a bimodal shape with two Dirac functions at c = 0 and c = 1 and a burning mode PDF of140
the order 1/Da [39]. The departure from the asymptotically infinitely fast chemistry limit shown in Fig. 6,
i.e. that the maximum value of c˜′′2 appears significantly smaller than c˜ (1− c˜), provides a measure of how
fast/slow the chemistry is with respect to turbulent mixing and indicates that the Damko¨hler number is
moderate to small. The combustion thus occurs in the thickened flame regime. The variance c˜′′2 decreases
with height because the evaporation of droplets in the downstream direction leads to local pockets of fuel-rich145
mixtures where the chemical processes are slow leading to small values of Damko¨hler number.
Contrary to c˜′′2, the mixture fraction variance ξ˜′′2 increases with height indicating an increase in mixing
between the central jet and the pilot stream. Additionally, ξ˜′′2 appears larger for c˜ < 0.5 due to the
droplet evaporation mainly taking place in the shear layer between the pilot and the inner jet. As the mean
temperature increases, more droplets evaporate and ξ˜′′2 increases until it reaches a peak value of ξ˜′′2 ≈ 0.01150
between x/Dj = 15 and x/Dj = 20. Further downstream ξ˜′′2 maintains high values as a result of the slow
diffusion of the gaseous fuel in the surrounding mixture.
The covariance c˜′′ξ′′ is positive throughout the whole flame brush, and its magnitude increases with
height due to turbulent mixing and droplet evaporation. The positive values indicate that an increase in
c leads to an increase in ξ, which is explained by the fact that when burning occurs (c increases), heat is155
released and the evaporation rate of the surrounding droplets increases, thus increasing the gaseous fuel mass
fraction and the resulting mixture fraction. The profile of c˜′′ξ′′ remains skewed towards the reactants side,
thus highlighting that a major part of the evaporation and burning of the droplets happens on the inner jet
side of the shear layer. Ribert et al. [40] modelled Y˜ ′′F ξ′′ by (Y˜
′′2
F ξ˜
′′2)1/2 in the context of the Libby-Williams
model for partially premixed combustion [41]. Here, Fig. 6 compares the covariance c˜′′ξ′′ with (c˜′′2ξ˜′′2)1/2,160
and exhibits a correct qualitative agreement, although (c˜′′2ξ˜′′2)1/2 consistently over-predicts the magnitude
of c˜′′ξ′′ by about 25%.
3.2. Statistical analysis of c and ξ
To model the Favre scalar and cross-scalar dissipation rates (N˜λ1λ2 ≈ ε˜λ1λ2 = ρD∇λ′′1 · ∇λ′′2/ρ¯ in the
limit Re→∞ where Re is the Reynolds number), the variance and cross-variance are needed according to
linear relaxation models ε˜λ1λ2 = Cλ1λ2(ε˜/k˜)λ˜′′1λ′′2 (where k˜ and ε˜ are the turbulent kinetic energy and its
dissipation rate respectively and Cλ1λ2 is the model parameter) [17, 18, 42, 43]. The modelling of variance
and cross-variance requires the knowledge of P˜ (c), P˜ (ξ) and P (c, ξ) as,
λ˜′′2i =
∫ 1
0
(
λi − λ˜i
)2
P˜ (λi) dλi, (5)
λ˜′′1λ
′′
2 =
1
ρ¯
∫ 1
0
∫ 1
0
ρ
(
λ1 − λ˜1
)(
λ2 − λ˜2
)
P (λ1, λ2) dλ1 dλ2, (6)
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where P˜ (λi) is the Favre PDF of λi defined as P˜ (λi) = ρ|λiP (λi) /ρ¯ and ρ|λi is the mean gas density
conditioned on λi and P (λi) is the marginal PDF of λi [16].165
Figure 7 shows P (c, ξ) at x/Dj = 2.5 to x/Dj = 10 at c˜ = 0.5 (which is representative of other c˜ values,
not shown here) where a narrow peak is visible at c ≈ 0.0 and ξ/ξst ≈ 1 due to the central jet, as well as
a second broader one at c > 0.9 with ξ/ξst ranging from 1 to 2 indicating mixing between the pilot and
the inner jet. Downstream, the joint PDF changes shape with a peak at c ≈ 0 that progressively decreases
until disappearing at x/Dj = 7.5 and c˜ = 0.1. Additionally, the distribution of ξ/ξst changes with height170
from ξ/ξst ≈ 1 in the pilot stream to a broader distribution 1 6 ξ/ξst 6 3 as a result of droplet evaporation
in the hot gas region. This evaporation leads to larger gaseous fuel mass fraction and the development of
numerous fuel-rich regions. Additionally, it can be seen that the variations of P (c, ξ) in Fig. 7 cannot be
accurately modelled by discrete Dirac functions [23, 24, 44].
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Figure 7: P (c, ξ) at (top to bottom) x/Dj = 2.5, x/Dj = 5, x/Dj = 7.5 and x/Dj = 10 and c˜ = 0.5
Figure 8 presents the Favre-PDFs of c and ξ, P˜ (c) and P˜ (ξ) at several downstream locations and value
of c˜ within the flame brush. For both P˜ (c) and P˜ (ξ), the relative shapes of the distribution remain similar
up until x/Dj = 12.5. At all heights, P˜ (c) exhibits a bimodal shape for c˜ = 0.5, and a monomodal one
for c˜ = 0.1 (respectively c˜ = 0.9) with a larger mode at c = 0 (respectively c = 1). Moreover, this modal
behaviour of P˜ (c) can be approximated by a modified β-PDF (βm-PDF [20, 22, 45, 46]), parametrised in
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terms of mean and variance in the following manner,
βm (λ, a
′, b′) =
Γ (a′ + b′)
Γ (a′) Γ (b′)
(λmax − λmin)1−a
′−b′
(λ− λmin)a
′−1
(λmax − λ)b
′−1
, (7)
where the coefficients a′ and b′ are given by,
a′ =
λ˜− λmin
λmax − λmin

(
λ˜− λmin
)(
λmax − λ˜
)
λ˜′′2
− 1
 , (8)
b′ =
λmax − λ˜
λmax − λmin

(
λ˜− λmin
)(
λmax − λ˜
)
λ˜′′2
− 1
 , (9)
where λ is a scalar and Γ is the gamma function defined by Γ (z) =
∫∞
0
xz−1e−x dx. Note that by setting175
λmax = 1 and λmin = 0, the standard β-PDF is recovered.
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Figure 8: Favre PDFs of (top) ξ/ξst and (bottom) c at (left) x/Dj = 2.5 (center) x/Dj = 5 and (right) x/Dj = 10
As Fig. 8 indicates, the standard β-PDF captures P˜ (c) reasonably well both in terms of shape and
magnitude. The successful use of a presumed PDF based on Dirac functions for the progress variable as an
alternative to the βm distribution has also been reported [4, 5, 21, 47].
Near the nozzle exit, P˜ (ξ/ξst) features a single peak close to 1, which corresponds to the values observed180
in the central and pilot streams (ξ/ξst ≈ 0.9). Almost no-mixing is observed at this height as indicated by
the very narrow distribution, while further downstream, the PDF broadens which is indicative of mixing
within the shear layer and droplet evaporation due to the increased temperature. In the reactants zone
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(c˜ = 0.1), at x/Dj = 10, a broad peak is found at about ξ/ξst ≈ 1.1, and with a minimum value of
ξ/ξst ≈ 0.9 indicating that the combustion predominantly takes place in fuel rich mixtures at large values of185
x/Dj . This is further shown by the PDFs obtained for c˜ = 0.5 and c˜ = 0.9 which show a broad peak centred
at ξ/ξst ≈ 1.5. The standard β function (βm with λmin = 0 and λmax = 1) correctly predicts the peak
position of P˜ (ξ/ξst) near the nozzle exit, although the shape is not accurately captured and the magnitude is
significantly under-estimated. Further downstream, a better level of qualitative and quantitative agreement
is found, which is consistent with some previous findings [21, 47].190
Several other studies for two phase flows [20], and in the presence of droplet evaporation in spray
combustion [8, 45, 48] also showed that when the standard β-PDF could not capture P˜ (ξ/ξst), one may
need Eqs. 7-9, provided that λmin and λmax were carefully chosen to avoid negative values for a
′ and/or b′
and appropriately modelled.
The good agreement obtained between P˜ (c) and P˜ (ξ/ξst) and the βm distribution can be partially195
explained by the predominant diffusion burning in this flame, and the fact that the β-PDF has often been
successfully applied to the modelling of diffusion flames.
3.3. Statistical analysis of |∇c| and |∇ξ|
An alternative way of modelling the scalar dissipation rates of c and ξ requires an understanding of the
gradients of c and ξ as,
ε˜λ1λ2 ≈ N˜λ1λ2 =
1
ρ¯
∫ ∞
0
∫ ∞
0
ρD|∇λ1||∇λ2| cos θλ1λ2
P (|∇λ1|, |∇λ2|) d|∇λ1|d|∇λ2|. (10)
To this end, the PDFs of normalised |∇c| and |∇ξ| are investigated and depicted in Fig. 9 at different
positions along the jet axis and for different c˜ values. These quantities are often modelled using a log-
normal distribution, parametrised using the log-normal mean (µ) and standard deviation (σ) respectively
defined as µ = ln
[
λ˜(1 + λ˜′′2/λ˜)−1/2
]
and σ2 = ln
[
1 + λ˜′′2/λ˜
]
,
fλ (µ, σ) =
1
λσ
√
2pi
exp
[
− (lnλ− µ)
2
2σ2
]
. (11)
The PDF of the progress variable gradient magnitude |∇c| is not well modelled by the log-normal
distribution, and the head (respectively the tail) of the distribution is under (respectively over) predicted.200
The DNS data shows a mostly monomodal PDF of |∇c| ×Dj with a peak at 0. The PDF then decreases
rapidly while the log-normal distribution exhibits a Gaussian-like shape peaking at 0.2 6 |∇c| ×Dj 6 0.5
and slowly decreasing to 0.
Contrary to the progress variable gradient, the PDF of the mixture fraction gradient magnitude |∇ξ|
appears to be correctly captured by the log-normal model, both in terms of shape and magnitude. The205
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Figure 9: PDFs of (top) |∇c| and (bottom) |∇ξ| at (left) x/Dj = 2.5 (center) x/Dj = 5 and (right) x/Dj = 10 - DNS
data ( c˜ = 0.1, c˜ = 0.5, c˜ = 0.9), Log-normal PDF
agreement improves with height and although some discrepancy can still be observed between x/Dj = 2.5
and x/Dj = 10, both curves match very closely expect at |∇ξ| ×Dj ≈ 0 where a slight under-prediction is
observed. The tail is well-captured in all cases, and only the head is not always well accounted for.
These behaviours and discrepancies are observed for the whole jet and are consistent with previous
experimental [18, 49, 50] and numerical [17, 51–53] studies on passive scalar mixing, non-premixed and210
partially premixed combustion. This is explained by the fact that both c and ξ are affected differently by
chemistry and droplet evaporation as c is affected by chemistry while ξ changes due to evaporation but not
directly due to chemistry. It follows that |∇c| transport is directly affected by the chemical reactions, while
the transport of |∇ξ| is not [54]. Furthermore, the dilatation rate resulting from the chemical reactions
affects both quantities, but does so in different ways. The PDF of |∇ξ| is thus expected to follow relatively215
closely the distribution of |∇ξ| found in either non-reacting or diffusion flame jets, which is log-normal in
both cases [55]. Hence, it is expected that the PDFs of |∇c| and |∇ξ| may not behave in a similar fashion
in all combustion regimes.
Finally, despite some inaccuracies, the log-normal distribution can be considered for the modelling of
P (|∇ξ|) (and the closure of ε˜ξξ), while some caution must be exercised in its use for the modelling of220
P (|∇c|) (and of ε˜cc). This indicates that an improvement is needed with regards to the current model used
for P (|∇c|) in both RANS and LES calculations. An alternative way would involve transporting explicitly
both |∇ξ| (or ε˜ξξ) and |∇c| (or ε˜cc), but this would involve finding suitable closures for all the unclosed
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terms in these transport equations [54], which is beyond the scope of the current analysis.
3.4. Behaviour and modelling of P (|∇c|, |∇ξ|)225
The relative alignment between ∇c and ∇ξ is important in the modelling of the cross scalar dissipation
rate ε˜cξ and can be quantified by the direction cosine defined as cos(θcξ) = ∇c · ∇ξ/ (|∇c||∇ξ|). The PDFs
of cos(θcξ) are shown in Fig. 10 at different values of c˜ for x/Dj = 2.5, x/Dj = 5 and x/Dj = 10. Figure 10
shows that ∇c and ∇ξ exhibit predominant collinear alignment (i.e. |cos(θcξ)| ≈ 1) at all positions along
the jet axis and within the flame brush. A close examination of Fig. 10 reveals that the probability of230
obtaining positive cos (θcξ) is greater than that of obtaining negative values. This indicates that ∇ξ and
∇c predominantly assume same signs. This suggests that the flame predominantly moves into the fuel-lean
mixture (which is often referred to as the back-supported flame [16]) but there is also a non-negligible finite
probability of finding front-supported flame where ∇ξ and ∇c are of opposite signs [16] and thus cos (θcξ)
exhibits negative values. This finding is consistent with previous findings of Wacks and Chakraborty [16]235
who reported the predominance of back-supported flame in statistically planar turbulent spray flames.
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at (left) x/Dj = 2.5 (center) x/Dj = 5 and (right) x/Dj = 10
The joint PDF of |∇c| and |∇ξ| at three different axial locations and c˜ = 0.5 along with P (|∇c|)×P (|∇ξ|)
are shown in Figs. 11 - 13. The other locations exhibit similar behaviour and thus are not shown here for
the sake of brevity. It has been found that a weak correlation exists between |∇c| and |∇ξ| near the jet exit,
while a very weak one was found further downstream (x/Dj > 5). Although small values of the correlation240
coefficient do not necessarily imply the statistical independence, the correspondence between P (|∇c|, |∇ξ|)
and P (|∇c|) × P (|∇ξ|) suggests that the statistical independence between the two gradients might be a
valid assumption in spray combustion, and that P (|∇c|, |∇ξ|) may be modelled by P (|∇c|)× P (|∇ξ|).
Furthermore, a natural model for the joint PDF of |∇c| and |∇ξ| is the bivariate log-normal distribution
[17, 18] defined as,
fλ1λ2
(
µλ1,2 , σλ1,2
)
=
1
2piλ1λ2σλ1σλ2
√
1− p2
exp
(
−Q
2
)
, (12)
15
0.0 0.5 1.0 1.5 2.0
|∇c| ×Dj
0
1
2
|∇
ξ|
×
D
j
−5.0
−4.5
−4.0
−3.5
−3.0
0.0 0.5 1.0 1.5 2.0
|∇c| ×Dj
0
1
2
|∇
ξ|
×
D
j
−5.0
−4.5
−4.0
−3.5
−3.0
0.0 0.5 1.0 1.5 2.0
|∇c| ×Dj
0
1
2
|∇
ξ|
×
D
j
−5.0
−4.5
−4.0
−3.5
−3.0
0.0 0.5 1.0 1.5 2.0
|∇c| ×Dj
0
1
2
|∇
ξ|
×
D
j
−5.0
−4.5
−4.0
−3.5
−3.0
Figure 11: Contours of (top left) log [P (|∇c|, |∇ξ|)], (top right) log [P (|∇c|)× P (|∇ξ|)], (bottom left) bivariate log-normal
with p = 0.4312 and (bottom right) with p = 0 at c˜ = 0.5 and x/Dj = 2.5
where µλ1 and µλ2 (respectively σλ1 and σλ2) are the means (respectively standard deviations) of λ1 and λ2,
p is the Pearson’s correlation coefficient defined as p = E [(lnλ1 − µλ1) (lnλ2 − µλ2)] /σλ1σλ2 with E (X)
being the expected value of X, and the exponential coefficient Q is given by,
Q =
1
1− p2
[(
lnλ1 − µλ1
σλ1
)2
+
(
lnλ2 − µλ2
σλ2
)2
−2p
(
lnλ1 − µλ1
σλ1
)(
lnλ2 − µλ2
σλ2
)]
. (13)
Note that when p = 0, fλ1λ2 = fλ1fλ2 . The values of fcξ using the correlation coefficient extracted from DNS
and fcξ with p = 0, i.e. assuming no correlation are also shown in Figs. 11 - 13. It is clear that Eq. 12 fails245
to capture the qualitative behaviour of P (|∇c|, |∇ξ|) and this at all locations within the flame brush and
along the jet axis. Although a non-negligible correlation exists near the jet exit (p = 0.4312), Eq. 12 with
p 6= 0 or p = 0 fails to represent the joint PDF. The value of p, which only provides a measure of the linear
dependence between the variables, and does not necessarily capture their potentially significant non-linear
interdependence, does not appear to significantly affect the agreement or lack thereof between the DNS data250
and Eq. 12. This appears consistent with the difficulties of approximating P (|∇c|) and P (|∇ξ|) with the
log-normal distributions as presented previously. This could mean that a large non-linear interdependence
exists between the two variables, and certainly, that more effort towards the modelling of this joint-PDF is
needed to improve the agreement with the DNS data, and thus the modelling of the cross scalar dissipation
rate.255
16
0.0 0.5 1.0 1.5 2.0
|∇c| ×Dj
0
1
2
|∇
ξ|
×
D
j
−5.0
−4.5
−4.0
−3.5
−3.0
0.0 0.5 1.0 1.5 2.0
|∇c| ×Dj
0
1
2
|∇
ξ|
×
D
j
−5.0
−4.5
−4.0
−3.5
−3.0
0.0 0.5 1.0 1.5 2.0
|∇c| ×Dj
0
1
2
|∇
ξ|
×
D
j
−5.0
−4.5
−4.0
−3.5
−3.0
0.0 0.5 1.0 1.5 2.0
|∇c| ×Dj
0
1
2
|∇
ξ|
×
D
j
−5.0
−4.5
−4.0
−3.5
−3.0
Figure 12: idem Fig. 11 with p = 0.1887 at c˜ = 0.5 and x/Dj = 5
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Figure 13: idem Fig. 11 with p = 0.1211 and p = 0 at c˜ = 0.5 and x/Dj = 10
4. Conclusions
The statistics of c, ξ and their gradients (∇c and ∇ξ) have been analysed a− priori using carrier-phase
DNS data of an open ethanol turbulent spray flame [26, 28].
The variance c˜′′2 (respectively ξ˜′′2) has been found to decrease (respectively increase) with height which
was attributed to fuel consumption, droplet evaporation and turbulent mixing. The covariance (c˜′′ξ′′) also260
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increases due to droplet evaporation and mixing between the pilot and fuel-air mixture streams and was
found to be qualitatively captured by
(
c˜′′2ξ˜′′2
)1/2
following a model proposed by Ribert et al. [40].
It is found that both the Favre-PDFs of c and ξ/ξst extracted from the DNS data can be reasonably
captured by a standard β-PDF [20, 22, 45, 46] both in terms of shape and magnitude, except at x/Dj = 2.5
for ξ/ξst where the peak is not properly captured, which is consistent with some previous studies [21, 47].265
Furthermore, the log-normal distribution has been found to accurately represent the PDF of |∇ξ| for
most of the flame brush, although small discrepancies could be noticed at the head of the distribution.
However, P (|∇c|) was found to be only marginally represented by a log-normal distribution with non-
negligible departures from the DNS data at both the head and the tail of the PDF. This is consistent with
some previous experimental [18, 49, 50] and numerical findings [17, 51–53] for gaseous phase combustion270
and this was attributed the differences in the underlying mechanisms governing their evolutions, i.e. |∇c| is
directly affected by the chemical reactions while |∇ξ| is not. Thus the analysis substantiates the use of the
log-normal PDF in both RANS and LES calculations for the modelling of the PDF of |∇ξ|, and reveals that
an improvement is needed for the PDF of |∇c|.
Finally, P (|∇c|, |∇ξ|) has been compared with P (|∇c|)×P (|∇ξ|) (assuming statistical independence of275
|∇c| and |∇ξ|) yielding a reasonable agreement. The bivariate log-normal PDFs with and without correlation
have also been considered, and significant quantitative and qualitative discrepancies have been found between
P (|∇c|, |∇ξ|) obtained from the DNS and the predictions based on the log-normal parametrisation. These
discrepancies are observed due to the difficulties of approximating P (|∇c|) and P (|∇ξ|) with log-normal
PDFs, and emphasize the need for better models to improve the modelling of the cross-scalar dissipation280
rate in partially-premixed and spray flames.
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